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Tangents and normals to a quadratic curve
Tangents
Fig. C1 shows the curve y = x? together with tangents to the curve at points A (—3, 9) and
B (1, 1). The tangents cross at the point (—1, —3). This has x-coordinate —1, which is the mean of

the x-coordinates of points A and B.
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For the curve y = x?, the equation of the tangent at a general point (t, t?) is y = 2tx—t?.

So the equation of the tangent at the point (t,, tf) isy= 2t1x—ti. There is a similar equation for
the tangent at the point (t,, t2), and these two tangents cross where 2t x—t2 = 2t,x—t2.

‘e i 2 42 L+t :
This gives 2x(t, —t,) = t] —t5 so 2x(t, —t,)) = (t, —t,)(t, +1,) hence x = 5 The y-coordinate

of the point of intersection is t, t,. 10

The general quadratic curve has equation y = ax? +bx+c. The tangents at any two points P and

Q on this curve also cross at a point whose x-coordinate is equal to the mean of the x-coordinates

of P.and Q. So if P has x-coordinate x, and Q has x-coordinate Xq then the x-coordinate of the

Xp +Xq
2

intersection point of the tangents is . The y-coordinate of the intersection point can be
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XP+XQ .. .
shown to be axpXg +b 5—)+C. This is equivalent to 15
Xp + XA \2 Xy +X Xp — XA\ Xy +X
a( i Q) +b( F Q)+c—a< F Q) . The formula ax,x +b( F Q>+c looks simpler
2 2 2 P7Q 2
Xp TXq\? Xp X Xp —Xo\ _ _
buty=a 5 +b< 5—)tc—al—%—) isin terms of the x-coordinate of the point of
intersection, apart from the last term. For pairs of points with x, —Xo = h where h is a constant,
2

the point of intersection of the tangents lies on the curve y = ax? +bx+c— %. This curveis a
translation of the original curve y = ax® +bx+c. 20

Normals

Fig. C2 shows the curve y = x? together with normals to the curve at points A (-3, 9) and
B (1, 1). The normals cross at the point (=12, 7.5).
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For the curve y = x?, the coordinates of the point of intersection are not as simply related to the 25
coordinates of A and B as in the case of the tangents. The equation of the normal at the point (t, t?)

is y :—% +t2+ % The normals at points (t,, t?) and (t,, t3) cross when x =—2t,t, (t, +t,) and
y=t+t+tt, +%.
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